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and so forth.

Notice that when two strings are occurrences of the same string in the same string, then
one is a proper substring of the other. Also if Λ is an occurrence of G in H, then G is a
head of H.

The occurrences of K in G can be naturally ordered by comparing their lengths. For
example, looking at the two occurrences of «b∨c» in G we note that «(a∧» is a proper
substring of «(a∧b∨c)⇒(¬» and so we regard

the shorter occurrence «(a∧» as the first occurrence of b∨c in G,
and

the longer occurrence «(a∧b∨c)⇒(¬» is the second occurrence of b∨c in G.

In a similar vein, relative the occurrences of ⇒ in «(a⇒b)⇒(c⇒a)», we would say

«(a» is the first occurrence,
«(a⇒b)» is the second occurrence, and
«(a⇒b)⇒(c» is the third occurrence.

Above, notice that

the first occurrence is a proper substring of the second, and
the second occurrence is a proper substring of the third.

What has been observed in this example requires deeper investigation.

The set of natural numbers Nis not

If there is but a single occurrence of αin β, then that occurrence is clearly the first occur-
rence of K in G. But if there are two or more occurrences, then we have only explained
what we means by the first, second, third, . . . occurrence in terms of an example. We wish
to treat this in general.

So suppose that H and H
� are distinct occurrences of G in K. Consequently, there exist

strings T and T
� such that

H G T ≡ K ≡ H
�
G T

�

and for simplicity let’s assume these are the only occurrences of G in K. Which is the first?
We are assuming that H and H

� do not match, so from our examples we expect that one
is a proper substring of the other. If that is the case, then the length of one should be
shorter than the length of the other and so it seems reasonable that the occurrence with
the smallest length would be the first. Remember, the terminology ‘first’ implies that we
agree to search for occurrences by scanning the mother string (K here) from “left to right”.
Since occurrences of a string in K are also heads of K, it is desirable that we know about
a couple of simple properties of heads of strings. To do this, we shall rely on the Additive
Property of length which was given prematurely in subsubsection 1.6.A, page 44, and which
claimed that for strings α and β:

♥ |α β| = |α| + |β| .

In Chapter 1, no proof of the Additive Property ♥ was given since we did not have the tool
of Mathematical Induction in our hands. In fact, it was not until Definition 2.5 on page 92
that we defined the length operator | |, and, at that point, we did not prove much about


